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CABLE ALGEBRAS AND RINGS OF Ga-INVARIANTS 


GENE FREUDENBURG AND SHIGERU KURODA 


Abstract. For a field k, the ring of invariants of an action of the unipotent fc-group Ga on an affine 
fc-variety is quasi-affine, but not generally affine. Cable algebras are introduced as a framework 
for studying these invariant rings. It is shown that the ring of invariants for the Ga-action on 
A| constructed by Daigle and Freudenburg is a monogenetic cable algebra. A generating cable is 
constructed for this ring, and a complete set of relations is given as a prime ideal in the infinite 
polynomial ring over k. In addition, it is shown that the ring of invariants for the well-known 
Ga-action on Aj, due to Roberts is a cable algebra. 


1. Introduction 

We introduce cable algebras to describe the structure of rings of invariants for algebraic actions 
of the unipotent group Ga on affine varieties over a ground field k. Winkehnann |14j has shown 
that such rings are always quasi-affine over k, but they are not generally affine. Roberts [12] gave 
the first example of a non-afhne invariant ring for a Ga-action on an affine space. Specifically, 
Roberts’ example involved an action of Ga on the affine space Aj., where k is of characteristic zero. 
Subsequent examples of Ga-actions of non-finite type were constructed by Freudenburg, and by 
Daigle and Freudenburg, for A| and A^, respectively 1112]. These examples are counterexamples to 
Hilbert’s Fourteenth Problem. 

Kuroda [5] used SAGBI basis techniques to show that an infinite system of invariants constructed 
by Roberts for the action on Aj. generates the invariant ring as a /c-algebra. Tanimoto [T2] used the 
same techniques to identify generating sets for the actions on A® and A^. Our results show that 
Tanimoto’s generating sets are not minimal; see ^9.1\ From the point of view of classical invariant 
theory, a structural description of a ring of invariants involves determination of a minimal set of 
generators of the ring as a fc-algebra, together with a minimal set of generators for the ideal of their 
relations. However, for an infinite set of generators, or even a large finite set of generators, such a 
description can be complicated, and the choice of generating set can seem arbitrary. 

When k is of characteristic zero, Ga-actions on an affine fc-variety X are equivalent to locally 
nilpotent derivations of the coordinate ring fc[A], and the invariant ring equals the kernel of 

the derivation. In many cases, fc[A]'®“ admits a non-zero locally nilpotent derivation, and this gives 
additional structure to exploit. 

For a commutative fc-domain R, a locally nilpotent derivation D oi B induces a directed tree 
structure on B. A D-cable is any complete linear subtree rooted in the kernel of D. The condition 
for R to be a cable algebra is a finiteness condition: R is a cable algebra if (for some D) D ^ 0 and 
R is generated by a finite number of R-cables over the kernel of R. R is a simple cable algebra if 
it is generated by one R-cable over k. Elements in the ideal of relations in the infinite polynomial 
ring for the generating cables are cable relations. 

To illustrate, consider a nilpotent linear operator A on a finite-dimensional fc-vector space V. 
Choose a basis {xij \1 < i < m,l < j < Ui} of V so that the effect of N for fixed i is: 

Xi^2 Xi^i -A 0 
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This defines the Jordan form of which in turn gives a cable structure on the symmetric algebra 
S{V). In particular, N induces a locally nilpotent derivation D on S'(Id), and each sequence Xi^j 
for fixed i is a Zl-cable Xi, where S{V) = k[xi, ...,Xm\- In this sense, the cable algebra structure 
induced by a locally nilpotent derivation can be viewed as a generalization of Jordan block form for 
a nilpotent linear operator. 

For rings of non-finite type over k, the ring S = k[x, xv, xv '^,...] is a prototype, where k[x, n] is the 
polynomial ring in two variables over k. The partial derivative d/dv restricts to a locally nilpotent 
derivation D of S, and the infinite sequence defines a U-cable s for which S' = fc[s]. So S is a 

simple cable algebra. Although S is not quasi-affine, it plays an important role in our investigation. 
For example, one of our main objects of interest is the ring A of invariants for the Ga-action on 
constructed by Daigle and Freudenburg, and we show that A admits a mapping onto S. 


1.1. Description of Main Results. We assume throughout that fc is a field of characteristic zero. 
On the polynomial ring B = k[a,v, x,y, z] = k^^\ define the locally nilpotent derivation D oi B by: 


D = a^ 


A 

dx 


d d 


•A 

dv 


For the corresponding Ga-action on X = A|, the ring of invariants is not finitely generated 

over fc; see [2]. 

If A = kerU, the kernel of D, then the partial derivative ^ restricts to A, and d denotes the 
restriction of ^ to A. We give a complete description of the ring A as a cable algebra relative 
to 9, including its relations as a cable ideal in the infinite polynomial ring = fc[xo,xi,X 2 ,...]. 
Moreover, we construct a specific 9-cable a = (un) from these relations, wherein (Jn+i is expressed 
as an explicit rational function in (Tq, Our proofs do not use SAGBI bases, relying instead on 

properties of the down operator A on G, a /c-derivation defined by: 


Axi = Xi_i {i > 1) and Axo = 0 
Let G[t] = and extend A to A on G[f] by At = 0. 


Generators (Theorem [SA]): There exists an infinite homogeneous d-cable s rooted at a, 
and for any such d-cable we have A = k[h,s] for h G ker9. Moreover, this is a minimal 
generating set for A over k. 

Relations (Theorem 17.11) : There exists an ideal I = ( 04 , ©g, Og, ■•■) in G[t] generated by 
quadratic homogeneous A-cables 0„ such that: 

A ^ TL[f\/X 

The cables 0„ depend on the choice of d-cable s and can be constructed explicitly from s. 

Constructs (Theorem 17.61) : Let Aa be the localization of A at a, and define a sequence 
o'n G Aa by gq = a and: 

ai = av — X , (72 = \ {av^ — 2xv -I- 2a^?/) , ug = ^{av^ — ixv^ -\- Qafyv — Qa^z) 

Given n > 4, let e>l be such that —2 < n — 6e < 3. If gq, ..., g„-i G Aa are known, define 
Gn G Aa implicitly as follows. 

(i) If n = 6e — 2 or n = 6e -\- 2, then '^^^oi—iyGiGn-i = 0 

(ii) If n = 6e — 1 or n = 6e -I- 3, then l)A(TiCT„_i = 0 

(hi) Ifn = 6e, then {3i{i - 1) - n{n-\-2)) GiGn+ 2 -i = 0 

(iv) Ifn = 6e-\-l, then 1]"=^(“1)*"'’^ ((* “ 1)(* “ 2) - n(n -|- 2)) iGiGn+s-i = 0 

Then an ^ A for each n > 0 and a = (cTyj) is a d-cable rooted at a. 
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As seen in these results, quadratic relations in are especially important. A basis for the vector 
space of quadratic forms in ker A is given by {0n^ \ n S 2N}, where: 

n 

If {^n} is any system of quadratic A-cables with rooted at 9n\ then the vertices of these cables 
form a basis for f 22 , the space of quadratic forms in ft (Lem. [X7D . Moreover, the quadratic ideals 

Qn — iPm 0n+2-, 0n+4j ■■•) ; ^ ^ 2 M 

are independent of the system of cables chosen {Thm. \3.11\i . These ideals, called fundamental Q- 
ideals, are intrinsically important to the theory at hand. Compare this to the linear case: The only 
linear form in ker A is a;o, up to constant, and if L = (Ln) is any homogeneous A-cable rooted at xq, 
then the linear forms n > 0 , form a basis of the space of linear forms fli, and we have equality 
of ri-ideals: 

(L) = (Lo,Li,L 2 ,...) = {xo,Xi,X 2 ,-) 

Therefore, fI/(T) = k and (L) is a maximal ideal of ft. 

We show the following. 

(Theorem 13.2011 Q 2 is a prime ideal of ft and ft/Q 2 —k S, where S C k[x,v\ = is 
the simple cable algebra of non-finite type and of transcendence degree 2 over k defined by 
S = fc[x, XV, xv'^ ,...]. 

(Theorem l 6 .ll) Q 4 is a prime ideal of ft and ft/Q^^ =k A/hA, which is a simple cable algebra 
of non-finite type and of transcendence degree 3 over k. 


Finally, we show that the ring of invariants for the Roberts action in dimension 7 is a cable 
algebra. On the polynomial ring k[X, Y, Z, S,T,U,V], define the locally nilpotent derivation: 




'D 2 commutes with the 3-cycle a defined by a(X, Y, Z, S, T, U, V) = {Z, X, Y, U, S, T, V). The partial 
derivative djdV restricts to the kernel A 2 of V 2 , and 82 denotes the restricted derivation. 


(Theorem 18.21) There exists a S 2 -cable P in A 2 rooted at X, and for any such 52 -cable, 

A 2 = k[H2, aH2, a^H2,P, aP, a^P] 

where H 2 G ker 82 ■ 


1.2. Additional Background. Let K be any field. For n < 3, the ring of invariants of a Ga-action 
on is of finite type, due to a fundamental theorem of Zariski. It is not known if the ring of 
invariants of a Ga-action on is always of finite type; see ^9.4\ According to the classical Mauer- 
Weitzenbock Theorem, if the characteristic of K is zero, then A'[A^]®“ is of finite type when Gq 
acts on A^ by linear transformations. However, it is not known if this is true for all fields. To date, 
there is no known example of a field K of positive characteristic and a Ga-action on A^ for which 
Ar[A^]®“ is of non-finite type. 

1.3. Outline. 

1. Introduction 

2. Locally Nilpotent Derivations 

3. Cables and Cable Algebras 

4. The Derivation D in Dimension Five 

5. Generators of A and A 

6 . Relations in A 

7. Relations in A 
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8. Roberts’ Derivations in Dimension Seven 

9. Further Comments and Questions 


2. Locally Nilpotent Derivations 

Let /c be a field of characteristic zero and let R be a commutative fc-domain. A locally nilpotent 
derivation of R is a derivation D : B ^ B such that, for each b G B, there exists n G N (depending 
on b) such that D^b = 0. Let kerD denote the kernel of D. The set of locally nilpotent derivations 
of B is denoted by LND(i3). Note that k C kerD for any D G LND(i?) (c.f. Principle 1 of [5]). 

It is well known that the study of Ga-actions on an affine fc-variety X is equivalent to the study 
of locally nilpotent derivations on the corresponding coordinate ring fc[X]. In particular, the action 
induced by D G LND(il) is given by the exponential map exp(tZI), t G Ga, and = kerD. 

In this section, we give some of the basic properties for rings with locally nilpotent derivations. 
The reader is referred to [S] for further details of the subject. 

2.1. Basic Definitions and Properties. Given D G LND(i3), if A = kerD, then A is filtered by 
the image ideals : 

In ■■= An D^B (n > 0) and loo := n„>o/n 

Note that Iq = A and /„+i C /„ for n > 0. Ii is called the plinth ideal for D, and loo is called the 
core ideal for D. 

A slice for D is any s G B such that Ds = 1. Note that D has a slice if and only ii D : B ^ B is 
surjective. 

A local slice for D is any s G B such that D^s = 0 but Ds ^ 0. For a local slice s G B oi D, let 
Bos and Ajjs denote the localizations of B and A at Ds, respectively. Then B^s = A£)s[s], where 
s is transcendental over Ads- Given b G B, deg^, b is the degree of 6 as a polynomial in s, which is 
independent of the choice of local slice s. The corresponding Dixmier map tTs ■ B^g ^ A^g is the 
algebra map defined by: 



If E is any ^-derivation of B which commutes with D, then it is immediate from this definition that: 
(1) ElTgif) = TTsiEf) - 'Kg{Df)E{s/Ds) 

Let S' C 5 be a non-empty subset, and let fc C i? C A be a subring. Define the subring: 

R[S,D] = R[D^s\sG S,i > 0] 

Note that D restricts to R[S, D], and that R[S, D] is the smallest subring of B containing R and S 
to which D restricts. 

2.2. The Doivn Operator. Let D = k[xo, xi, X 2 ,...] be the infinite polynomial ring, and let D+ be 
the ideal of D defined by: 

D-|_ = Xn ■ G 

n>0 

Let A G LND(D) denote the down operator on D: 

Axn = Xn -1 (n > I) and Axq = 0 
Then A : D+ —>■ D+ is surjective ([5],Thm. 3.1). 

D has a Z^-grading defined by degx^ = (I,*), where each Xi is homogeneous (i > 0). For this 
grading, A is homogeneous and deg A = (0,-1). Given r, s > 0, let denote the set of elements 
of D of degree (r, s), and let fir = X]s^(r-,s)- Then A : fl(r,s) ^(r,s-i) is surjective for each 
r,s> I. 


4 



2.3. Tree Structure Induced by an LND. Let B be a commutative fc-domain. To any D G 
LND(i3) we associate the rooted tree Tt{B,D) whose vertex set is B, and whose (directed) edge 
set consists of pairs {f,Df), where f ^ 0- Equivalently, Tt{B,D) is the tree defined by the partial 
order on B defined by: a < 6 iff = a for some n > 0. 

Let A = ker D. 

(i) Given a,b G B with 6 ^ 0, 5 is a predecessor of a if and only if a is a successor of b if and 
only if a < 6. Similarly, b is an immediate predecessor of a if and only if a is an immediate 
successor of b if and only if Db = a. 

(ii) The terminal vertices of Tr(i3,L>) are those without predecessors, i.e., elements of i? \ DB. 
If D has a slice, i.e., DB = B, then Ty{B,D) has no terminal vertices. 

(hi) Every subtree X of Tr(i3, D) has a unique root, denoted rt(X). 

(iv) A subtree X of Tt(B, D) is complete if every vertex of X which is not terminal in Tt{B, D) 
has at least one predecessor in X. 

(v) A subtree X of Tr(i?, D) is linear if every vertex of X has at most one immediate predecessor 
in X. 

(vi) If B is graded by an abelian group, then any homogeneous b G B is a, homogeneous vertex 
of Tr(i3, D). A subtree X of Tr(i3, D) is homogeneous if every b G vert(vA) is homogeneous. 
If D is homogeneous, then the full homogeneous subtree is the subtree of Tt{B, D) spanned 
by the homogeneous vertices. 

3. Cables and Cable Algebras 


3.1. D-Cables. 

Definition 3.1. Let i? be a commutative fc-domain and let D G LND(i3). A D-cable is a complete 
linear subtree s of Tr(i3,ZI) rooted at a non-zero element of kerZI. s is a terminal D-cable if it 
contains a terminal vertex, s is an infinite D-cable if it is not terminal. 

We make several remarks and further definitions, assuming that D is a commutative /c-domain, 
D G LND(D), In = kerD fl D"D (n > 0) and loo = n„>o/n. 

(i) If s is a D-cable, then s is terminal if and only if its vertex set is finite, and s is infinite if 
and only if s C DB. 

(ii) A D-cable is denoted by s = (sj), where Sj G D for j > 0 and Dsj = sj-i for j > 1. It 
is rooted at sq G kerD, which is non-zero. For multiple D-cables si,...,s„, we will write 
Si = (sp^) for 1 < i < n and j > 0. 

(hi) The length of a D-cable s is the number of its edges (possibly infinite), denoted length(s). 
If s = (s„) and N = length(s), then sq G In, and if s is terminal, then sn is its terminal 
vertex. 

(iv) Every b G kerD \ DB is a terminal vertex of Tr(B,D) and dehnes a terminal D-cable of 
length zero. 

(v) If B is graded by an abelian group, then a D-cable is homogeneous if it is a homogeneous 
subtree of Tr(D, D). 

(vi) Every non-zero vertex b G B belongs to a D-cable. If two D-cables s = (sn) and t = (tn) 
have Sm = tn for some m,n > 0, then m = n and Si = U for all i < m. If s and t share an 
infinite number of vertices, then s = t. 

(vh) Suppose that D' C D is a subset with DB' C B'. If s C D is a D-cable such that either 
s n D' is infinite, or s is terminal of length N and sn G B', then s C B'. 

(vih) If P G n is a polynomial in xo,...,Xn and s is a D-cable of length at least n, then P{s) 
means D(so,..., s„). 
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(ix) Given D-cables for n > 0, the notation (respectively (si,...,s„)) in¬ 

dicates the fc-subalgebra of B (respectively, ideal of B) generated by the vertices of Si for 
1 <i <n. 

(x) Let s = {sn) be a D-cable of length N. If s is terminal, define the map (j)s : —>■ i? by 

i’sixi) = Si for 0 < i < N. If s is infinite, define (/ig : —>■ i? by (jisixi) = Si for all i > 0. 

Elements of kert/ig are the cable relations associated to s. Note that Dcjjg = 4>s^ where A is 
the down operator on fl or its restriction to 

(xi) Extend I? to a derivation D* on B[t] = B^^^ by D*t = 0. If s{t) = {sn(t)) is a Z)*-cable and 
a G kerD is such that So(Qf) ^ 0, then s(a) = (s„(a)) is a D-cable rooted at so(a)- 

Example 3.2. Let Q, = k\xo,xi,X 2 , •■•] be the infinite polynomial ring and A G LND(n) the down 
operator. Then x = {xj)j>o is an infinite A-cable, Xq G loo, and = k[x]. Relabel the variables Xi 
by j/n ^ so that n = k[xo, yn^ \ n> 1,1 < j < n]. Define A G LND(D) so that, for n > 1: 

A : j/i") ^ ^ ^ y(i) ^ y(o) := xo ^ 0 

Then := (j/n ^)o<j<n is a terminal A-cable rooted at a;o of length n for each n > 1. If loo is the 
core ideal for A, then xq G loo but there is no infinite A-cable rooted at xq, since otherwise there 
would exist a homogeneous infinite A-cable rooted at Xg- It is easy to check that this is not the 
case. 

In general, addition of D-cables is not well-defined, since B \ DB is not closed under addition. 
However, an infinite D-cable s has s C DD, and addition can be defined for certain pairs in this case. 
The next result gives basic operations on D-cables. These follow immediately from the definitions. 

Lemma 3.3. Let B be a commutative k-domain, let D G LND(D), and let A = kerD. 

(a) If s = (s„) is a D-cable and a G A is non-zero, then as := (asn) is a D-cable of the same 
length. 

(b) If s = (sn) and t = (tn) are infinite D-cables and sq + 0, then s -\-t := (sn + tn) is an 

infinite D-cable. 

(c) If s = {sn) and t = (tn) are infinite D-cables and m G Z has m > 1, define the sequence 
Un G B by Un = Sn if n < m and = s„ -I- tn-m if n > m. Then u := (un) is an infinite 
D-cable. 

Definition 3.4. The D-cable u in part (c) of Lem. 1 5*. 31 is called the m-shifted sum of s and t, and 
is denoted by «, = s -Gm t. 

Definition 3.5. Let / C N be either N \ {0} or {1, 2,..., t} for some integer t > 1. Suppose that 
a sequence s = {si}i^i of infinite D-cables is given, together with a strictly increasing sequence 

m = {mi}i^i of positive integers, and a sequence c = {ci}i^i with Ci G kerD \ {0} for all i G I. 

Dehne a sequence of D-cables Ui rooted at inductively by: 

■ui = Si and Ui = Ui-i -Grm CiSi ioi i G I ,i >2 

Note that, if Ui = then given j > 0, there exist G B and an integer Nj such that 

for all i G / with i > Nj. The D-cable u := so obtained is rooted at sj°^ and is 

denoted by: 

u = lim(s, fh, c) 

Note that, in this definition, we have u = Ut in case I = {1,2,..., t}. 

Example 3.6. Let D be a commutative fc-domain and D G LND(D). Given non-zero / G kerD, let 
exp(/D) : B ^ B he the corresponding exponential automorphism of B. If s = (s„) is a D-cable, 
then: 

Dexp(/D)(s„) = exp(/D)(s„_i) for n > 1 
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Note that exp(/_D)(so) = so, and that Si G DB if and only if exp(/D)(si) G DB. Therefore, 
exp(/£>)(s) := (exp(/Z))(s„)) defines a D-cable rooted at sq- If s is infinite, then it is given by: 

exp(/-D)(s) =hm(s,m,c) , where s = (s,s,s,...) , m= (1,2,3,...) andc= (/, ...) 

3.2. Quadratic A-Cables. Note that we can view the vector space as being generated by the 
vertices of the A-cable x = (xn)- Similarly, V ,2 admits a basis of homogeneous A-cables. 

3.2.1. Monomial Basis. Given n > 0, the monomial basis for is: 

{xoXn,XiXn-i, ■■■,x^n} {n even) or jxnXn.XTXr,-: . Xn-iXn+i} in odd) 

Therefore, dimn( 2 _„) equals (n + 2)/2 if n is even, or (n + l)/2 if n is odd. 

3.2.2. A-Basis. Given n G 2N, define 9n'^ G 11(2,n) G ker A by: 

^n'’ = {-^TXtXn-t 


0<i<n 


Note that since n is even, On^ ^ 0. Since A : 11(2,s+i) fl( 2 ,s) is surjective for all s > 0, there exists 
a homogeneous A-cable = (9^) rooted at 9^'^ . By definition, we have 9^ G 11(2,n+j) for each 
j > 0. By it \S.2.1\ ker A fl 11(2, s) equals {0} if s is odd, and equals k ■ if s is even (c.f. Gor.3.3 
of [6]). Therefore, A : 11(2,n+i) 11(2,™) is an isomorphism. It follows that, if is any 

homogeneous A-cable rooted at 9n ^, then 9^^^ is uniquely determined. It is given by: 


n+1 




2+1 


IXiXn+l—i 


2=1 


Lemma 3.7. Let {9n | n G 2N} be a set of homogeneous A-cables sueh that 9n = {9n'^) is rooted at 
™(o) 

t'n • 

(a) Given j > 0, the set {02^ | 0 < f < j/2} is a basis for 11(2,j)- 

(b) The vertiees of 9n {n G 2N) form a basis for II 2 . 

Proof. To prove part (a), we proceed by induction on j > 0. We have that: 

fl(2.0) = (+) = (C) 

So the statement of part (a) holds if j = 0. 

Assume that, for j > 1, the set I 0 < i < (j — l)/2} forms a basis for 11(2,j_i). If j is 

odd, then A : 11(2,^) —11(2,2-1) is an isomorphism, and the set | 0 < i < Z/2} is a basis for 

11(2,2). fl 1 i® then the kernel of A : 11(2,2) If( 2 , 2 - 1 ) i® ^ again we conclude that 

I 0 < J < j 72} is a basis for 11(2,2)■ This proves part (a). 

Part (b) is an immediate consequence of part (a). □ 

Definition 3.8. Any set of A-cables {+} of the type described in Lem. \S.7^ b) is a A-basis for II 2 . 

3.2.3. Balanced A-Basis. We dehne a particular A-basis for II 2 using binomial coefficients (*). Given 

n G 2N and j G N, define /3n ^ G ll( 2 ,n-i- 2 ) by: 


n-l -2 

i^j 




Note that 


Lemma 3.9. If n € 2N and j > 1, then . 
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Proof. If n > 1 and cq, c„ G fc, then: 


n —1 


( 2 ) 


^ ^ ^ CiXjXji—i — ^ ^ (^ 2+1 P 
i—0 2—0 


Given i G N with 0 < i < j, we extend the definition of binomial coefficient by setting (p = 0. Then 
for alH,j G N we have: 


In addition, we can write: 


By equation Q we have: 


JJ \j - 1 

n+j 


i + l 
j 


i=0 '^■^2 


n+j-1 


i=0 

n+j-1 , 

E ( 

n+j-1 


A/3« = E ( (- 1 )^+*+' ( * ^ M 


i + l 

VV j 




J 


^ I —1 —2 


□ 


We thus see that /3„ = (^Sn dehnes a homogeneous A-cable rooted at 9n \ and that {/3n} is a 
A-basis for 172 , which we call the balanced A-basis. 

Note that each fin involves at most n + 1 monomials. Moreover, the monomials XiXn+j-i 
{j A i A nP j) are linearly independent if j > n, meaning that fin'^ involves exactly n +1 monomials 
when j > n. 


3.2.4. Small A-Basis. Given n G 2N and j G N, let 

= {xoXn+j,XiXn+j-l,-;X^X^+j) 

noting that Wn^ C i^{ 2 ,n+j) and diml+,1^^ = n/2 + 1 for all j > 0. Then A : Wn~^^^ -+ Wn'* is an 
isomorphism, since ^ Wn~^^'^ if j is odd. Since 9n^ G Wn^\ we conclude that there exists a 

unique A-cable rooted at 9n^ such that ijn^ G Wn'^ for each j > 0. We call {rjn} the 

small A-basis for 172 . Note that each ijn ^ involves at most f + 1 monomials. 

It is easy to check that the first three cables in this basis are given by: 

= xoXj , r]^2^ = {j + 2 )xoX2+j - XiXi+j , ry^^ = (J+bO+T XQX4+j - {j + 2 )xiX3+j + X2X2+j 

In particular, 7)4 will be used to give certain 3-term recursion relations; see Remark \6.b\ 


3.2.5. Q-Ideals. 

Definition 3.10. Let {0„} be a A-basis for 172 . 

(1) A Q-ideal is an ideal of 17 generated by {0„ | n G S'}, where S C 2N is any non-empty subset. 

(2) Given n G 2N, the corresponding fundamental Q-ideal is: 

Qn — (^n, ^n-t-2, ^n-t-4, ■•■) 
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Note that A0„ = for each n G 2N. Therefore, if / C is a Q-ideal, then A/ = / by the 
surjectivity of A : 51+ —?> 51+. 

Lemma 3.11. The following properties hold. 

(a) Qo A Q 2 A 24 A • • • 

(b) Given n G 2N, 2™ is independent of the choice of A-basis. 

(c) 51r C {xq, + 2rt for each integer r > 1 and n G 2N. 

Proof. Part (a) is clear from the definition. 

For part (b), let {Om} be the given A-basis, and let {fm} be any other A-basis for 512. For each 
n G 2N, define Q-ideals: 

2n = (^n, ^n+2, ^n-t-4, •■•) and 2n = (/In ,/ln-t-2 ,/ln-|-4, • ■ •) 

By part (a), it suffices to check fXn'^ G 2n for each integer j > 0. By Lem. \^a), there exist Ci G k, 
0 <i < {n + j)/2, such that: 

,,(i) _ a("+t-2i) 

Ln — 2 -^ ^2^ 

0 <i<{n+j )/2 

Since deg^ = j and deg^ ^ j _ 2 ^^ and since the integers n + j — 2i are distinct 

for distinct i, it follows that Cj = 0 when n + j — 2i > j, i.e., when n > 2i. Thus, we obtain: 

E g2„ 

nl 2 <i<{n+j)l 2 

This proves part (b). 

We prove part (c) by induction on r, where the case r = 1 is clear. Fix n G 2N and the integer 
r > 2, and let ^ G 51,. be given. Observe that f may be written as a sum of elements of 51(,,_2) • 512. 
Since the vertices of the small A-basis {fim} form a /c-basis for 5 I 2 by Lem. \3. we may write 

n/ 2-1 

^ = EE^(2m)^“ = E E 

^^0 *—0 i>n/2i>0 

where L( 2 i,i) G 51r_2- If 0 < z < n/2, then pYi G 11^2^^ C 51ia;o -I- • • ■ -I- 51ia;n_i. Also, by part (b) 
we have: 

2n — (l?n 5 Vn +2 ? l?n-t-4 5 ■ ■ •) 

Together, these imply f + • • • + fii-ix^-i -|- f for some ^o, ■ • ■, Cf--i ^ 51^-1 and f' G 2n- 

By the induction hypothesis, we have fo, ■ ■ ■ )C--i £ (a^Oi a:it-I- 2n- Therefore, f belongs 
to {xo,...,x^-iy~^ + Qn. □ 

3.3. Cable Algebras. 

Definition 3.12. Let B be a commutative fc-domain. 

(a) B is a cable algebra if there exist non-zero D G LND(i3) and a finite number of D-cables 
si,...,s„ such that B = A[si,..., s„], where A = kerD. In this case, we say that the pair 
{B,D) is a cable pair. 

(b) B is a monogenetic cable algebra if B = A[s] for some cable pair {B, D) with A = ker D and 
some D-cable s. 

(c) B is a simple cable algebra over k it B = fc[s] for some D-cable s, where D G LND(B) is 
non-zero. A simple cable algebra B is of terminal type if s can be chosen to be a terminal 
D-cable. 

We remark that, if there exists non-zero D G LND(i3) for which B is finitely generated as an 
algebra over kerD, then B is a cable algebra. 
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Example 3.13. Let S be a commutative fc-domain, D G LND(i3) and A = kei D. If 

S C B \ {AU DB) and [S'! = n > 1 

then there exist terminal U-cables si,...,Sn such that A[S,D] = s„]. Let D' be the re¬ 

striction of D to ^[5, £>]. Then D' ^ 0, A[S,D] is a cable algebra, and {A[S,D],D') is a cable 
pair. 

Example 3.14. Given n > 1, let B^ = k[xQ^ ...,Xn] = and let £)„ be the restriction of the 

down operator to B^- The classical covariant rings A^ = kerZl„ are known to be finitely generated 
over k, but have been calculated only for n < 8; see [B]. Since djdxn commutes with Dn, djdxn 
restricts to An. If we denote this restriction by i5„, then ker(5„ = An-i- Therefore, each An is a 
cable algebra. In particular: 

Ai = k[xQ] = see Lem. \3.1'^ a) 

A 2 = Ai[s], where s is the (52-cable of length one with terminal vertex si = 2 x 0 X 2 — x\. 

A^ = ^2 [t], where t is the (la-cable of length 2 with terminal vertex 

t 2 = 9X9X3 — 18X0X1X2X3 + 6X1X3 + 8X0X2 — 8X1X2. 

A 4 = A'i[u, D], where It, v are the ( 54 -cables of length one with terminal vertices 

Ml = 2 x 0 X 4 — 2 x 1 X 3 -I- xf and Ml = 12 x 0 X 2 X 4 — 6 x 3 X 4 — 9 x 0 X 3 -I- 6 X 1 X 2 X 3 — 2 x 2 . 

The rings A 2 ,A 3 ,A 4 are calculated in [5], Sect. 8.6. The rings A 5 ,...,As are considerably more 
complicated, and it would be of interest to analyze their cable structures. 

3.4. Simple Cable Algebras. A natural goal is to classify the simple cable algebras of finite tran¬ 
scendence degree over k according to transcendence degree. We start with the following observation. 

Lemma 3.15. (a) is a simple cable algebra over k of non-terminal type. 

(b) For each n > 2, is a simple cable algebra over k of terminal type. 

Proof. Let B = k[t] = and let d/dt denote the usual derivative. Define the sequence 
Then i = (tn) is an infinite d/dt-cah\e and B = k[t\. Therefore, B = is a simple cable algebra. 
In addition, any non-zero D G LND(i3) has a slice, so Tr(i3, D) has no terminal vertices. Therefore, 
B is of non-terminal type. This proves part (a). 

For part (b), let B = A:[xi,..., x^] = /cl”! and define D by Dxi+i = Xj for / > 2 and Dxi = 0. 
Note that x„ ^ (DB) = (xi, ...,x„_i). Therefore, x = (xi) is a terminal D-cable and B = k[x]. □ 

Suppose that B is & cable algebra with tr.degj.i3 = 1. Then B = where L is an algebraic 
extension field of k; see [S], Cor.1.24. Therefore, when k is algebraically closed, B is simple (over k) if 
and only if i3 = k^^\ When k is not algebraically closed, there are simple cable algebras over k other 
than /cl^l. For example, consider the usual derivative D — d/dx on the ring B = Q[-\/2, x] = Q[^]W. 
We have that s = {pj2x^ jnK) is a D-cable and B = Q[s], but B 7 ^ 

For simple cable algebras of transcendence degree two, we give several illustrative examples. 

Example 3.16. Let B = /c[x, m] = /c^^l and let D = djdv. If Sn = for n > 0, then s = (s„) is a 
D-cable rooted at 1. Let t = s -I -2 be given by f = (t„). Then B = k[i\, since k[i\ contains ti = v 
and t 2 = X . This shows that a simple cable algebra of terminal type can also be generated by 
an infinite D-cable for some D. 

Example 3.17. Continuing the notation of the preceding example, we see that the subring /c[xs] of 
/c[x,m] is a simple cable algebra which is not finitely generated as a /c-algebra, and therefore not of 
terminal type. More generally, let D = d/dv and let Pniy) be any infinite sequence of polynomials 
in k[x, m] with Dpn{v) = Pn-i{v) for n > 1 and po{v) G k[x] \ k. Then p := (p„(m)) is a D-cable and 
k[p\ is a simple cable algebra of transcendence degree 2 over k. 
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Example 3.18. Let B = 2 / 1 , 2 / 2 ] where 2 i/o 2/2 = 2/i ■ Define D G LND(i3) by 2/2 —>■ 2 /i 2 /o —>■ 0. 

It is easy to see that y 2 ^ DB. Therefore, y := {yn) is a terminal H-cable and B = k[y]. 

Example 3.19. The ring B = k\zo, zi^ Z 2 \ where 2zgZ2 = is not a simple cable algebra. In 
order to see this, let D € LND(i?) and a U-cable s = (s„) be given. Define E € LND(i?) by 
^2 —>■ —>■ Zg —>■ 0. It is known that LND(i3) = fc[zg] • E (see [TO])- Therefore, DB C J = (zg, zi). 

Assume that /c[s] = B. If G DB for every n > 0, then B/J = k. However, if tt : H ^ B/J is 
the canonical surjection, then 7r(z2) is transcendental over k, so this case cannot occur. Therefore, 
Sn ^ DB for some n > 0, meaning that Sn is a terminal vertex and so,...,s„_i G J. It follows 
that B/J = fc[7r(s„)] = k^^^/{p) for some p G k^^^ \ k*. If p = 0, then B/J is an integral domain, a 
contradiction. If p ^ 0, then every element of B/J is algebraic over fc, a contradiction. Therefore, 
k[s] B. 

3.5. Cable Relations for S. Define the simple cable algebra S C k[x,v\ = hy S = fc[xs], 
where s = (^u"). 

Theorem 3.20. S =k fI/Q 2 - Consequently, Q 2 is a prime ideal offl. 

Proof. The surjections (fg : D —>■ A:[u] and (pxS : D —>■ S' are given by: 

4 >g{xi) = s^ and (f>xs(xi) = xst (i > 0) 

Let g G ker A be given, and let {0„} be a A-basis for D 2 . If d/dv denotes the standard derivative 
on k[v], then we have: 

(3) 0 = 4>g^9 = => (/sQ S ker -^ = k => g G k + ker (fg 

dv dv 

If n > 2 is even, then (/gOn'^ = An" for some A G fc. Therefore, 0n^ G kerc/ig for each even n > 2. 
Given an even integer n >2, assume that G ker(()s for some j > 0. We have: 

0 = cfg9i^^ = c/gAei/+^^ = ^ c/g9i/+^^ g ker = fc 

dv dv 

As before, since n > 2, we must have 4>g9n^^'^ = 0. It follows by induction that 9n'^ G kert/fg for 
every even n>2 and every j > 0. Therefore, Q 2 C ker^g. 

Given r > 2 and P G fir, note that ipxsP = x'^4>gP. Therefore, if P G D is homogeneous, then 
P G keic/xs if and only if P G ]^eT(j)g. In particular, this implies Q 2 C herf/xs- 

Suppose that P G fl ker^^jg. By Lem. \3.1lY c). we see that P G {xoY~^ + Q 2 . Write P = 
Xq~^L + Q for L G fl and Q G Q 2 - Since the element P and the ideals (a;o)’'“^ and Q 2 are 
homogeneous, we may assume that L and Q are homogeneous. By degree considerations, L G fli. 
We have that a:g~^P G keri^^jg. If P 0, then since kerc/xs is a prime ideal, either Xq G kerc/xs or 
L G kerf)xs, a contradiction. Therefore, L = 0 and P G Q 2 . 

We have thus shown fl kercfxs C Q 2 for all r > 2. This suffices to prove kei(/>xs = Q 2 - D 

4. The Derivation D in Dimension Five 

4.1. Definitions. Define the polynomial ring B = fc[o,x, y, z,u] = fci^l. We define the locally 
nilpotent derivation P of P by its action on a set of generators: 

z ^ y ^ X ^ of’ , V ^ of' , a—>-0 

Define A = kerP and R = fc[o, x,y, z], noting that P restricts to R. In fact, P restricts to a linear 
derivation of the subring k[a^, x, y, z], and this kernel is well known. Let k\t, x, y, z] = fc^'^l and define 
the linear derivation P on this ring byz—>- 1 /—>-0. Then ker P = k[t, F, G, h], where: 

F = 2ty — x^ , G = 3t^z — Ztxy + x^ and Yh = F^ + & 
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See [3, Example 8.9. Note that the restriction of 13 to i? is equal to the A:[a]-derivation idfc[a] 013 on 
k[a]®k[t]k[t,x,y,z\ = R, and its kernel i?n A is equal to ker(idfc[a] <8)13) = k[a]'^^t]^ei D. Therefore, 
if F = F|t=a3, G = G|t=o3 and h = h\t=a 3 , then: 

Rn A = k[a, F,G,h] where a^h = F^ + G‘^ 

Specifically: 

F = 2a^y — , G = — ia^xy + x^ , h = 9a^z^ — ISa^xyz + 8 a^y^ + 6 x^z — ix^y"^ 

Define a Z^-grading of B by declaring that a, x, y, z, v are homogeneous and: 

deg(a, X, y, z, v) = ({1, 0), (3,1), (3, 2), (3, 3), (2,1)) 

Then Z3 is a homogeneous derivation of degree (0,-1) and ^ is a graded subring of B. Given integers 
r, s > 0, let i?(r,s) be the vector space of homogeneous polynomials in B of degree (r, s), and define: 

^(r,s) kl n 

Then we have: 

F G ^(6.2) ) G € ^(9,3) j h S ^(12,6) 

Since fc[a,F, G, h] = R C\ A = kerDjfl; is factorially closed in i?, we see that F, G and h are 
irreducible by degree considerations. Note that [D,d/dv] = 0, that is, D commutes with the partial 
derivative d/dv on B. Therefore, d/dv restricts to A. If d denotes the restriction of d/dv to A, 
then d G LND(A) and d is homogeneous of degree (—2, —1). 

The following result is needed below. 

Lemma 4.1. Given n >0, write n = 6 e + £ for e > 0 and 0 < £ <5. 

(a) 

(b) 


r 

£ = 0 

^DA(2„+2,n) = ^ {Fh^) 

£ = 2 

[{0} 

£= 1,3,4,5 


Proof. Since Rd A = k[a, F, G, h] with a, F, G, and h homogeneous, each fc-vector space R fl 
is spanned by monomials in a,F,G and h. If the monomial G ®^G R {ei G N) has degree 

(2n -I- 1, n), then: 

f Cl -j- 6e2 9 e 3 -t- 12 e 4 = 2 rz -t- 1 

12e2 + 3e3 -I- 6e4 =n 

The solutions to this system are ei = 1, 62 = 63 = 0 and 664 = n. This proves part (a). 

Similarly, if deg(a®iF®^G®^/i®^) = (2n-|-2,n), then: 

J e^ F 6e2 F 9 e 3 -t- 12 e 4 = 2 n F 2 

12 e 2 + 3 e 3 -I- 6 e 4 =n 

The solutions to this system are: 

{ei = 2 , 62 = 63 = 0 , n = 664 } and {61 = 63 = 0 , 62 = 1 , n = 664 -|- 2 } 

This proves part (b). □ 
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4.2. Homogeneous 9-Cables. Let Sa denote the set of infinite homogeneous 9-cables rooted at a. 

Theorem 4.2. Sa 

Proof. We show that there exists a sequence Sn G A, n > 0, such that: 

(a) So = a 

(b) Sn € Ai^ 2 n+i,n) for each n > 0 

(c) dsn = Sn -1 for each n > 1 

Let d denote the restriction of D to the subring Q C B defined by Q = x, y, z] = fcW, where 
t = of' . Then d is a linear derivation defined by: 

z^y^x^t^O 

In addition, d is homogeneous of degree (0,-1) for the Z^-grading of Q for which: 

deg{t,x,y,z) = ((1,0), (1,1), (1, 2), (1, 3)) 

Let Q(^r,s) denote the vector space of homogeneous polynomials in Q of degree (r, s). Then according 
to Proposition 4.1 of [6], the mapping 

d • Q(r,s+1) ^ Q(r,s) 

is surjective if 2s < 3r. Thus, given m > 1, each mapping in the following sequences of maps is 
surjective: 

Q{2m,3m) C Q(2m+l,Sm) ^ Q(2m+l,3m+l) ^ Q(2m-t-l,3m-t-2) 

and 

t ■ Q(2m-l,3m-l) C Q(2m,3m-1) ^ Q(2m,3m) 

Consequently, there exists a sequence G Q, n > 0, such that wq = 1, and for all m > 0, 

W3rn G Q(2m,3m) i li'Sm+l G Q(2m+l,3m+l) ; W3m+2 G Q(2m-|-l,3m-|-2) 

where: 

dW3m+3 = t • W3m+2 , dW3m+2 = W3m+l , dW3m+l = t ■ W3m 

With the sequence so constructed, it follows that for m > 1: 

D^'‘W3m = d^"w3m = t^*W3(m-i) = a^'w3(m-t) = {Dvf"W3(^rn-i) {0 < 1 < m) 

Therefore, for 0 < z < to, we have: 

(i) D^'^{aw3m) = a(Du)3*ui3(^_,) 

(ii) D^^+^{aW3m) = d{a{Dv)^^W3(^rn-i)) = a{Dv)^Hw3(^rn-i)-l = a‘^{Dvf"~''^W3(^rn-i)-l 

(iii) D^'^+'^{aW3m) = d{a'^ {Dvf'^+^W3(^,ri-i)-l) = a'^iDvf^+'^W3(^rn-z)-2 = (L>u)3*+2w3(^_i)_2 

We see that: 

(4) {Dvy divides Dyaw 3 m) for each j (0 < j < 3 to) 
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Therefore, if we define ssm = {—^)^"^T^v{aw 3 rn) for m > 0, then 53 ^ G A for each m > 0. Using the 
equality o in Sect. 2.1, it follows that for m > 1: 


Define: 


dv^ 


~ dv'^^ q2 

av av 


= {-iy^-^n,{aD^W3m) 


1 d V 
a'^ dv 

= (-l)^™"^7r„(a(a2)^W3(„_i))4 

= S3(m-1) 


d 9 

'53m —1 — and 53 m — 2 ~ — l ^ 1) 


Then s := (sn) is a i9-cable rooted at a with s„ S ^( 2 ra+i,n) for each n > 0. 


□ 


Remark 4.3. Let s = (Sn) G Sa be given. Since dim= 1 for n = 0,...,5, the elements 
So, ■■■, 55 are uniquely determined; see Cor. 15.51 faj. They are given by: 

0 !so = a 

l!si = av — X 

2 !s 2 = av"^ — 2xv + 2o?y 

3!s3 = av^ — 3xv^ + 6 a^yv — 6 a‘^z 

4!s4 = av'^ — 4:xv^ + 12a^yv^ — 24a‘^zv + 24a^xz — 12a^y^ 

5!s5 = av^ — 5xv^ + 20a^yv^ — QOa'^zv'^ + 120a^a::zw — 60a^y^v — 12x^a^z + 36xa'^y^ + 24:a^yz 

Note the identities: 

(5) F = 2so52 — 5^ , —G = 35qS3 — 3so5iS2 + 5 J , 2so54 = 2siS3 — S 2 , 5so55 = 3siS4 — S 253 


5. Generators of A and A 


The main result of this section is the following. 

Theorem 5.1. Let s = (s„) S Sa be given. 

(a) A = k[h, s] 

(b) A is not finitely generated as a k-algebra 

(c) The generating set {h,Sn}n>o is minimal in the sense that no proper subset generates A. 

5.1. Generators of A. Let tt : S —>■ B/hB be the canonical surjection. Given b G B, let b denote 
7r(6), and for a subalgebra M C B,\et M = 7r(M). Since h is homogeneous, tt induces a Z^-grading 
on B, and A is a graded subring with: 

A(^r,s) ~ '^(^(r,s)) 

Note that, since h is irreducible, hB is a prime ideal of B. Hence, B/hB and its subring A are 
integral domains. Since D{h) = 0, we have hB n A — hA. Indeed, if P G H is such that hP G A, 
then hDP = D{hP) = 0, and hence DP = 0. Thus, A = A/hA and so hA is a prime ideal of A. 
Since h G kercl, we can define 5 G LND(y4) by 5'x{g) = Trd{g). Then 5 is a homogeneous locally 
nilpotent derivation of A of degree (—2, —1). Recall that ker d = RC A = k[a, F, G, h]. 

Lemma 5.2. ker 5 = 7r(ker9) = fc[d, P, G] 
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Proof. It must be shown that d~^{hA) = Rr\A + hA. The inclusion Rr\A-\-hA C d~^{hA) is clear. 
For the converse, we first show that, if i? = RA A + hB, then H fl aB = aH. 

Since RA A = k[a, F,G, h] and S hR, we have: 

H = k[a,F] + k[a,F]G + hB 

In addition, F is a graded subring of B, and if 5 G H(^r,s), then g € k[a,F] + hB for s even, and 
g G k[a,F]G + hB for s odd. Write g = p{a,F)G^ + hp, where p G k\'^\ p G B and e G {0,1}. If 
g G aB, then setting a = 0 yields the following equation in k[x, y, z, r;]: 

(Mla=o = 3a:^(2a:z - y‘^)p\a=o = -p(0, -x^)x^^ G k[x\ 

This means p G aB, since 2xz — y'^ is transcendental over k[x]. Therefore, p{a,F) G aB, and 
since i? fl A is factorially closed in B it follows that p{a, F) G a{R fl A). So g S aFl. This shows 
Fl n aB = aFl. 

Suppose that f G A and df G hA. Let L G be such that / = L{v) = We 

have: 

d^f = L^^(v)GhA Vz>l ^ L^^{D)GhR Vz > 1 

Therefore, f — hq + r lor q G B and r = L{0) G R. It follows that 0 = Df = hDq + Dr, which 
implies Dr G i? fl hB = hR. 

The restriction of G to i? has kernel Rr\A and local slice x. So there exists n > 0 and P G 
with a^r = P(x) = jfP''‘H0)x\ We thus have: 

a^D^r = P^^'>{x)a^^ G hR Vz > 1 ^ P^\x)GhR Vi > 1 ^ P^^ {Q) G h{R n A) Vz > 1 

Therefore, a”r G (i? fl A) + h{R fl A)[x] C H. 

By repeated application of the identity H fl aB = aH, we have that H fl a'^B = a^H. It follows 
that a^r G H D a^B = aPH. Therefore, r G H and f = hq + r G hB + H = H. Since A is factorially 
closed in B, we conclude that f G RH A + hA. □ 

Given s = (s„) G 5a, we have Sq = a ^ hB, and so Sq yf 0. Since Sir = nd, we see that its := {Sn) 
is a <5-cable. If : fl —^ ^ is the associated mapping, then (c.f. Sect. \3.1\ (x)). We 

also note that ker^^g is a homogeneous ideal of O, since (f-wsiP-^r.s)) C ^( 2 s+r,s) for each r, s > 0 . 

Theorem 5.3. (/i^g is surjective. 

Proof. Define: 

A' = = k[Trs] , A'_^_ = (^^g(fl+) and = A' n A(^_g) 

Since A : —>■ D+ is surjective and (^,rsA = d(/),rs, it follows that the mapping S : A^ —?> A^ is 

surjective. In addition, define: 

G = kerd and G(^r,s) = G fl A(r_g) 

Then from Lem. \5.S\ and m we see that: 

( 6 ) G = k[a, F,G] , F = 2soS2 - , -G = SspSa - 3 soSiS 2 + sf 

Therefore, G C A' and ker( 5 |. 4 ' = G. 

Fix I G’L. We show by induction on n that, for each integer n > 0: 

C^) ^(2n+i,n) ^{2n+e,n) 

For Tz = 0, it is easy to see that A(^_o) = {0} if ^ < 0. If £ > 0, then A(^ g) = = (sq), since 

B{i,o) = (®^)- So d?]) holds for n = 0. Since B(^ 2 ,i) = (v), we have A '^2 1 ) = ^( 2 , 1 ) = {0}- Hence, d?]) 
also holds for rz = 1 and i = 0. 

Given rz > 1, assume that: 

(rz, £) ( 1 , 0 ) and Af^ 2 (n-l)+£,n-l) ~ ^i2(n-l)+^,n-l) 
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Since S : A'j^ —>■ A'j^ is surjective and A'j^ = ©(r,s) 5 ^(o.o)^(r. s)i follows that: 

^^'(2n+l,n) = ^(2(n-l)+£,n-l) = ^(2(n-l)+£,n-l) 

Since C ^( 2 n+^.n), we have 

^(2(n-l)+£,n-l) = 5^{2n+l,n) ^ 5A(2n+l,n) C ^(2(n-l)+^,n-l) 

which implies = < 5 ^( 2 n+f.n)- Therefore: 

dim A( 2 „+£_„) = dimC'( 2 „+£_n) + dim( 5 A( 2 „+f^„) 

= dim C(^ 2 n+i,u) + dim ( 5 A'( 2 „+^ „) 

= dimA( 2 „+^^„) 

It follows that A'^ 2 n+i n) ~ ^( 2 n+^,n)- By induction, we conclude that ([7]) holds for all n > 0. □ 

Corollary 5.4. Let s = (s„) G Sa be given. 

(a) A = /c[7rs] 

(b) A is not finitely generated as a k-algebra 

(c) The generating set {s„}„>o is minimal in the sense that no proper subset generates A. 

Proof. Part (a) is implied by Thm. \5.A For part (b), let S C be the degree semi-group of A. 
Then part (a) implies that: 

S = (( 2 n + 1 , n) I n > 0 ) 

It will suffice to show that S is not finitely generated as a semi-group. However, this is obvious, 
since the element (2n + I, n) does not belong to the sub-semigroup generated by (2* + I, i) for i < n. 
This proves part (b). In fact, (2n +1, n) does not even belong to the larger sub-semigroup generated 
by ( 2 i + I,f) for i n, and this implies part (c). □ 

5.2. Proof of Thm. 15.11 Set T = fc[s]. Then F is a graded subring of A, where r(r,s) = Ffl A(^j.^gy 
By Cor. \5.4^ a), each g G A has the form g = ^ + h ■ a, where 7 S F and a G B. Since g,'Y,h G A, it 
follows that a G A. Write 

7 = X! “ = X! “('■.*) 

where 7(r-,s) S r(r and a(r,s) € ^(j-,s) for each r,s Gh. Then the homogeneous decomposition of g 
is: 

9 ^ ^ (7(r,s) “t” b. * 0:^7._12,s—6)) 

(r,s) 

When g is homogeneous, there exists (r, s) such that g = 7(r,s) + h ■ 07 - 12 , 8 - 6 ) • 

For each fixed r > 0, we show by induction on s that ^(r,s) C r[/i]. We have ^(r,o) = fc • o’" C F, 
which gives the basis for induction. Given s > 1, suppose that C r[/i] for 0 < * < s — 1. Given 
g G >f(r,s)j write g = 7(r,s) + b ■ a(r-i 2 ,s- 6 ) above. By the induction hypothesis, we have that 
a(r-i 2 ,s- 6 ) £ r[/i]. Therefore g G r[/i]. We conclude that C r[h] for all (r, s) with r, s > 0, 

and therefore H C Fj/i]. This proves part (a). 

Part (b) is immediately implied by Cor. \5.4\ b) and the fact that A is the image of A under a 
fc-algebra homomorphism. 

For part (c), note that Cor. WMc) implies that any generating subset of {b,Sn}n>o niust include 
each Sn. We also cannot exclude h, since (12,6) does not belong to the degree semigroup generated 
by {(2n -f 1, n) | n > 0}. This proves part (c) and completes the proof of Thm. 15.11 □ 

For the next result, the reader is reminded that >l(r,s) = {0} if r < 0 or s < 0. 

Corollary 5.5. Let s = (s„) G Sa- Civen n > 0, let e > 0 be such that 0 < n — 6 e < 5. 

(a) ^(2n-|-l,n) = k ■ Sn ® h ■ ^(2(n-6)-|-l,n-6) 
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(b) dimA( 2 „+i,„) = e + 1 

(c) A basis for A( 2 „+i,n) is given fey {s„, Sn- 12 ^^, Sn-6e/i®}- 

Proof. Part (a) is implicit in the first paragraph of the proof of Thm. 15. f I with (r, s) = (2n + 1, n), 
since r( 2 n+i,n) = k ■ Sn and s„ ^ hB. It follows that A(^ 2 n+i,n) = k ■ Sn for n = 0,..., 5. Therefore, 
using part (a), we get parts (b) and (c) by induction on n. □ 

Remark 5.6. Consider the field k{h) = and the fc(h)-algebra k{h) ®k[h] ^ = fc(/i)[s]. Since 
dh = 0, d extends to a locally nilpotent derivation d of k{h)[s], s is a i9-cable, and k{h)[s] is a simple 
cable algebra over k{h) which is of transcendence degree 3 over k{h). 

5.3. The 9-Cable tf. 

Theorem 5.7. There exists a unique a = (un) € Sa such that n!(T„ = —nxv^~^ (mod ai?) for each 
n > 1. In addition, a satisfies the following. 

(a) //n, e > 0 with n^l, then: a^aih^ ^ {aiUn-i | 0 < i < nl2,i 1) 

(b) If n,e> 0 with n ^ 2, then: Fh'^ ^ laiGn-i | 0 < i < n/2) 

Proof. Given P G B, let P{0) denote evaluation at u = 0. 

An explicit sequence Wn G k\t, x, y, z] of the type used in the proof of Thm. |/(.^| is constructed in 
[5], § 7.2.1, and in this example, Wn has the property: 

t divides Wn whenever n > 4 and n = 1 (mod 3) 

Let tf = (tT„) G Sa be the 9-cable constructed from this sequence. Given m > 1, it follows from the 
definition of the functions = (t„ given in the proof of Thm. [7^ that: 

Since 9V3m/9u* = a^m-i for 0 < i < 3m, this implies that: 

CT3m(0) = (-l)^’"aW 3 m , cr3m-l(0) = (-l)^’"“^a^W3m_i , Cr3m-2(0) = (“ l)^™“^W3m-2 

Since t = oA divides W 3 m -2 for m > 2 and (To(0) = gq = a, it follows that a divides CTn(O) for all 
n > 0 with n yf 1. We now show by induction on n that: 

(8) a divides Pniv) := {n — l)!tT„ -|- xv'^~^ {n > 1) 

First, observe that Cor. 1 5. 5\f b ) implies that the functions go,...,G 5 are uniquely determined. In 
particular, we have cti = au — x (see Remark lf.S^ . Hence, property ([5]) holds for n = 1. 

Given n > 2, assume that a divides Pi{v) for 1 < j < n — 1. We have: 

Pf{v) = (n- l)!cr„_i + (n- = (n - l)Pn-i(v) 

The inductive hypothesis implies that Pf(v) G aB, which means Pn{v) — Pn{0) G aB. Since 
Pn{0) = {n — 1)!(t„(0) G aB, we conclude that Pn{v) G aB for all n > 1. This proves the existence 
of (f = (Gn) G Sa such that nlGn = —(modoH). 

For uniqueness, let s = (s„) G Sa be such that n!s„ = —nxv^~^ (modoH) for n > 1. Ghoose 
N >1 such that 6 does not divide N, and let e > 0 be such that 1 < iV — 6e < 5. By Cor. \5.5V c). a 
basis for A(^ 2 N+i,n) is given by: 

s'n, s'pf_Qh, s^_l 2 h^ ..., s'pf_Q^h^, where s'^ := n!s„ 

Therefore, there exist Ci G k with NIgn = cos^y + cis(y_6 ^ -I- • • • -I- Ces(v_gg/i®. The substitution 
a !->■ 0 yields: 

-Nxv^-^ = -coNxv^-^ - ci(iV - 6 )xv^-'^h' - CeiN - 6e)x^;^-®^-l(h')^ 

where h' = 3x^(2xz — j/^). This implies that cq = 1 and ci = • • • = Cg = 0, meaning that gjv = sn. 
Therefore, tf and s agree on an infinite number of vertices, which implies that if = s; see T9. II (vi). 
This proves the uniqueness assertion. 


17 


In order to prove properties (a) and (b), recall that (7i(0) G aB for alH > 0 with i 1. Hence, 
o'ii0)an-i{0) G a^B (0 < i < n/2, i ^ 1) if n ^ 1, and cri(0)cr„_i(0) G aB (0 < i < ti/2) if n ^ 2. To 
show (a), suppose that CToUih® G {uiOn-i | 0 < * < nl2,i ^ 1). Then, we have: 

—axh^ = (croO’i^^)k=o G (cri(0)cr„_i(0) | 0 < i < n/2,i ^ 1) C a^B, 

and so xh’^ G aB, a contradiction. Since B/i® G i? \ aB, property (b) is proved similarly. □ 

We remark that Thru. \5.'il\ h), together with Lem. \4-l\ h), implies RC\A^ 2 n+ 2 ,n) = {0} 

if n = 2 (mod 6) and n^2. 

Corollary 5.8. Let S C A:[a;,u] = be the subalgebra S = k[x,xv,xv‘^,..Given A G fc, put 
J\ = aA + (h — A)H. Then A/ J\ is isomorphic to S. In particular, J\ is a prime ideal of A for 
each A G fc. 

Proof. Let d G 5a be as in Thm. |5.7| By Thm. 15.11 we have A = k[h, d]. 

Given f € B, let /(O) denote the evaluation of / at a = 0. Since D{a) = 0, we have aBnA = aA. 
Indeed, if 6 G B is such that ab G A, then aD{b) = D{ab) = 0, and so D{h) = 0. Hence, the kernel 
of the map A^ B defined by / —>■ /(O) equals aA. Therefore: 

21 := AjaA = fc[/i(0), cro(O), cri(O), 0 - 2 ( 0 ), ■ • ■] = k[h{0), x, xv, xv ^,...] = 5[/i(0)] = 5^^^ 

The last equality holds because h(0) = 6x^z — 2>x^y'^ is transcendental over k[x,v\. We conclude 
that: 

H/Ja ^ 2l/(/i(0) - A)2l ^ 5 

□ 

5.4. Hypersurface Actions. Given A G fc, the Ga-action on defined by D restricts to the 
hypersurface X\ C A® given by h = A. We show that the ring of invariants for this action is a 
simple cable algebra of non-finite type. Note that since h does not involve v, X\ is a cylinder, i.e., 
X\ = Y\xh} for the hypersurface Yx C A^ defined hy h = X. 

Let px : B ^ B/{h — A)B be the canonical surjection, and let Dx denote the locally nilpotent 
derivation of B/{h — A)B induced by D. 

Theorem 5.9. If s € Sa, then ker Dx = p\{A) = k[pxs] and this ring is not finitely generated as a 
k-algebra. 

Proof. Let A G /c be given, and set K = A + {h — A)B. It must be shown that D~^{{h — A)B) = K. 
The inclusion K C D~^((h — A)B) is clear. For the converse, we first show that K fl aB = aK. 

Let d G 5a be as in Thm. |5.7l By Thm. \5.1\ we have A = k[h,Sr]. Therefore, K = fc[d]-l-(d —A)B. 
Given g G K, write g = p(d) + (h — X)b for p G LI and and b G B. If g G aB, then setting a = 0 
yields the following equation in k[x,y, z,v]: 

{3x'^{2xz - y^) - A) • 6|a=o = {{h - A)6)|a=o = -p(d)|a=o € k[x,xv,xv'^,...] 

This means b G aB, and hence p(d) = g— {h—X)b G aB. Since aBOA = aA, it follows that p{a) G aA. 
Therefore, g G aK. This shows K fl aB = aK. By induction on n, we get K fl a”B = a" A for each 
n > 1. 

Now suppose that f G B and Df G {h — A)B. Since u is a local slice of D with Dv = a?', there 
exists n > 0 and P G such that a”/ = P(v) = We thus have: 

p(d(^;)a2* ^ D^P{v) = a^D^f G (h - A)B Vi > 1 

^ P^^^v) G (h-X)B Vi>I 

B^®^(0) G {h — X)R Vi > 1 (since B = B[u]) 

^ a”/ - B(0) = (0)P G{h- A)B 

Z>1 
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Since P{0) G A, we see that o"/ belongs to K, and hence to if fl a^B = a^K. Therefore, we get 
f G K. We have thus shown: 

keriiA = P\{A) = k[pxs] 

It remains to show that p\{A) is not finitely generated as a fc-algebra. Since D{h — X) — 0, we 
have kerpAU = Ar\{h — X)B = (h — X)A. So px{A) = A/{h — A)A. By Cor. \5.A it follows that: 

px{A)/apx{A) ^ A/Jx = k[x,xv,xv ‘^,...] 

Since px(,A) maps onto a non-finitely generated fc-algebra, px{A) is not finitely generated as a fc- 
algebra. □ 

6. Relations in A 

We continue the notation of the preceding section. The main goal of this section is to show the 
following. 

Theorem 6.1. For every s G Sa, we have ker(/)^s = Q4. Consequently, A =k it/Q 4 by Cor. \^a), 
and Q 4 is a homogeneous prime ideal of ft. 

6.1. Quadratic Relations. Let s G 5a be given, and let { On } be a A-basis for ^ 2 , where = (dn 
for given n. 

Lemma 6.2. (a) If n> A is even, then On'^ G kerc^^g holds for any j > 0. 

(b) { 0 q\ 02 ~'^^) ker = {0} holds for every j > 0, where = 0 if j = 0,1. 

Proof, (a) Fixing n > 4, we proceed by induction on j to show that 6 n^ G ker(/)^s for each j > 0. 
We have: 

= 0 ^ G kerd = fc[d,F,G] 

From line in Remark \4.A we have that F = (j)Trs{ 2 xoX 2 — xf) and —G = (j)TrA‘^x^X 2 , — 2 >xi 4 X\X 2 +x\). 
Therefore, there exists P G ken^^g fl 11(2,n) such that: 

— P G k[xo, 2 xoX2 — xf, 3 xQX 3 — 3x0X10:2 -I- x^] n H2 = fc • o;o + fc • (2xoX2 — x^) C H(2,o) + ^(2,2) 

Since 0n\P G fl(2,n) and n > 4, we conclude On'^ = P G kert/j^j. This gives the basis for induction. 
Assume that 9n~^'^ G ker(/)^s for j > 1. Then: 

O = =</>-A(0W) = (5(/),g(d«) ^ </.,g(d«)Gkerd 

Since 9n ^ G H(2,„+j), we conclude as above that 9n ^ G ken^^^g. This proves part (a). 

(b) Since = xqXj ^ ken^i^g for j = 0,1, the assertion holds for j = 0,1. By Lem. \^a), we 
have: 

(</.g(0<,")),</>g(df)) = U^^2.2)) = )) = (as2,s?) 

Since dim(as2,S4) = 2 and (as2,sf) fl hB C R(6,2) H hB = {0}, the assertion also holds for j = 2. 
We prove the case j > 3 by contradiction. Let j > 3 be the smallest integer for which there exists 
(0,0) A G k"^ such that / := + 1392 ~‘^'^ G kert/i^g. Then 

0 = ^ 0 = = (l>.sA{f) = 

and so a9Q~^'^ + f 392 ~^'^ G ker^^g. This contradicts the minimality of j, proving part (b). □ 

Combining Lem. and Lem. 1 6. A we obtain: 

Lemma 6.3. (a) Civen j > 4, the set | 2 < i < j/2} is a basis for 11(2,j) C kerc^i^g. 

(b) The vertices of On (n G 2N, n > 4) form a basis for 1^2 H ker 
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6.2. Proof of Theorem 16.11 Note that, by Cor. 15.51 (a)^ if t G Sa, then Tit = tts. So there is no 
loss in generality in assuming that s = (j, where a is the i9-cable specified in Thm. \E 2 \ 

By Lem. the ideal generated by 112 Hker (t>Tra equals Q 4 . Since is a homogeneous ideal 

of n, it suffices to show: 

fi(r,s) n ker(/),ra C Q 4 (r, s >0) 

Let non-zero ( G ^(r,s) C\'ker(j)T^^ be given (r,s > 0). Then r >2. We prove C G Q 4 by induction on 
r, where the case r = 2 holds as mentioned. Assume that r > 3. By Thm. \3.1lV c) we have: 

Vtr C {xo,XiY~'^ + Q 4 

So it suffices to assume that ( G (xq,B y degree considerations, we see that ^ is a linear 
combination of the monomials: 

XQ~^~^x\xs-i such that r — i — l,i, s — i > 0 

Suppose that xq does not divide (. Then s — r -|- 1 > 1 , and there exist Co G llr-i and non-zero 
c G fc with C = xoCo + cxJ“^Xs-r+i- Since C S kei we see that (/>ct(C) £ hA, which implies that, 
for some q G A: 

(9) ccr[“Vs-r-i-i = hq- aipaiCo) 

By Thm. |5.7[ we have that n!cr„ = —nxx"“^ (modaS) for each n > 1. From ([S]), it follows that: 

- —^^-(-x)’'u®“’' = 3 x2(2xz - yY ■ q\a=o 
(s - r)l 

Since c ^ 0 , this is a contradiction. Therefore, xq divides (. If C = a:oCo for Co G then Co € 
n(r._i_s) nkerC)^CT- We conclude by induction on r that Co G Q 4 - Therefore, C G 24- This completes 
the proof of Thm. 16.11 □ 

Example 6.4. Consider the well-known cubic A-invariant given by: 

C = 2X2 + 9X0X3 — 6X1X2X3 — 12X0X2X4 -I- 6X3X4 

Let 04 be a A-cable rooted at 64 °^ such that: 

64 ^^ = 6 X 1 X 5 — 8 X 2 X 4 -I- |x§ , 64 ^^ = 6 X 0 X 5 — 3 xiX 4 + X 2 X 3 , 64 °^ = 2 x 0 X 4 — 2 x 1 X 3 -I- x\ 

We have: 

- Xi04^^ -I- X 26 » 4 °^ G Q 4 

Notice that, in order to express C S A:[xo,xi,X 2 ,X 3 ,X 4 ] using quadratics in Q 4 , it was necessary to 
use X 5 . 

Example 6.5. Since the transcendence degree of A over k is 3, sl),si,S 2 ,S 3 are algebraically de¬ 
pendent in A. Their minimal algebraic relation is quartic and can be obtained as follows. 

Let C be as in the preceding example. The X 4 -coefficient of C is —60^\ and the X 4 -coefficient of 
64 °^ is 2xo. Thus, in order to eliminate X 4 , we take: 

X := 36^^6^^ + XoC = 9 X 0 X 3 — 3 X 4 X 2 -I- 8 x 0 X 2 — 18 x 0 X 4 X 2 X 3 -I- 6 x^X 3 

We see that x G ^[xo, xi, X 2 , X 3 ] fl ker A n Q 4 . Since x is irreducible, x is a minimal algebraic relation 
among s“o, si, S 2 and S 3 . 

Remark 6 . 6 . Let 774 be the A-cable belonging to the small A-basis for 172 . According to Lem. I 6 ‘.iil 
t ]4 C keripT^s for every s G 5a. Recall that: 

^0) ^ 0 + 1)0+4) _ (j 2 )xiX3+4 + X 2 X 2+4 

Since we know so,si,S 2 ,S 3 (see Remark we can easily determine the 5-cable tts using these 
3-term recursion relations in A. 
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7. Relations in A 


Let 0[t] = and extend the Z^-grading on fi to ri[t] by setting degt = (0,6). Note that 
for each r > 0. In addition; 

= ^(r,n) ® t ’ ^(r,n-6) © ' ' ' ® ’ ^{r,n-6e) where 0 < 71 — 6e < 5 

Extend A to A on II[t] by setting A(t) = 0. Then A is homogeneous and deg A = (0,-1). Since 
A : n(r,s) s-i) is surjective for each r, s > 1, we see that A : r2[t](,r,n) fl[t](r,n-i) is surjective 

for each r, n > 1. Given n > 0, define the vector space: 

14 = ^[t]( 2 ,n) n ker A = 0[t](2,„) n (ker A)[t] 

Since ker A fl 11(2,s) equals {0} if s is odd, and equals k ■ 0^°^ if s is even as mentioned in Sect. \8.2.2[ 
the reader can easily check that Vn = {0} if n is odd, and that for n even: 

(10) 14 = (6»((’\t6'®g,...,T=6i®6e) where n-6ee {0,2,4} 

7.1. The Mapping <I>s. By Thm. FOK aj. : fl —>■ 4 extends to the surjection: 

: fl[t] — y A , 4^g(l) = h 

Note that <I>gA = 9$g, since ^gA = cl^j, 4>gAt = 0 and d^gt = 0. 

Theorem 7.1. There exists a set ( 04 , 06, 08; •■•} of homogeneous A-cables such that 0„ is rooted 
in Vn for each n and: 

ker$g = (04,06,08, ■■■) 

Proof. The proof proceeds in three steps. 

Step 1. This step constructs a set ( 04 , 06, 08, •■•} of homogeneous A-cables such that 0„ is 
rooted in 14 for each n and ( 04 , 06, 08, •■•) C ker$g. For the integer n > 4, write n = 6e £ 
(e > 0, 0 < £ < 5). Given P S 14, we have: 

0 = $gA(P) = (9$g-(P) ^ $ 414 ) C kera = i?n4 

Since $g(14) C $4fl[t](2,„)) C 4(2„+2,n), it follows that 



r (a^h^) 

i = 0 

(11) 

$414) C i? n 4(2„+2.„) = < (Ph4 

i = 2 


[{0} 

otherwise 


by Lem. \ 4 .lY h). Now assume n is even. In view of (flUl) . there exists Cn € k such that $g(0i°^) = 
Cn^sif^Oi ). Note that we may take c„ = 0 when £ = 4. Then, we have: 

(12) 0i°) := - Cnt¥°^ e ker - (Oj, 

since e > 1 except when ti = 4. Suppose that, for some j > 0, we have constructed 0l°\..., 0n ^ G 
ker$s which satisfy 0n^ G fl[t]( 2 ,n-i-i) and AOl*^ = 0n~^\ 1 < * < j- Since the mapping 

A : fl[t]( 2 ,n -|-4 + l) fl[l]( 2 ,„+j) 

is surjective, we may choose P G fl[i]( 2 ,n+j+i) with AP — On'^. We have: 

0 = $,0L) = $,A(P) = a4>g(P) ^ <i>g(^) ePn A(2(n+j + l)+2,n+, + l) 

We again apply the equality in (fTTl) . In fact, if £ G {0, 2}, then dn-6e = ^ ker (()^s by Lem. \6.‘M ]. 

and so ^sit^^(^n-6e) = h’^f’sidn-Ge) 7^ O' ©hus, as above, there exist k G k and e,l gN with: 

0l^+i) := P - G ker n fl[t]( 2 ,„+ 4 +i) 
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where k = 0 if n + j + 1 is odd, since Vn+j+i = {0}. Then, we have = ©l"'^ since 

= 0. Therefore, for each even n > 4, there exists a homogeneous A-cable 0„ rooted in Vn 
and contained in ker$s fl Note that © 4 '^^ = for j = 0,1 by construction. 

Step 2. By construction, the ideal J := (© 4 , ©e, ©s, •■•) of r2[t] is contained in ker$s. This 
step shows ker$s C J + (t). Define polynomials Hn'^ € ^{ 2 ,n+j) {n S 2N, n > 4, j > 0) by 
Hn^ = ©ra^|i=o- Note that, by (IT^ . we have Hn^ = On^ ^ 0. Therefore, by Sect. \3.1\ (xi), for 
each even n > 4, Hn := {Hn^) is a homogeneous A-cable rooted at On'^. By Def. \3.10Y 2) and 
Lem. \3.1lY b). we get 

Qi + {t) = {Hi, He, He,...) (t) = (©4, ©61 ©Si •■•) + (t) = J + {t) 

Consider the map 7 r$s : D[t] A A A/hA. Since tt^sIq = ^i> 7 rsi we see from Thm. Id. i I that: 

ker$s C ker7r$s = Q 4 -|- (t) = J -|- {t) 


Step 3. This step shows J = ker$s. Since C ^( 2 s-i-r,s) for each r, s > 0, we see that 

ker$s is a homogeneous ideal of r2[t]. So, given integers r,N >0, we show by induction on N that: 


(13) 


ker$s n r2[t](r_Ar) C J 


If r < 1, then ker fl r 2 [t](r, 7 v) = {0}i so assume r > 2. 

Consider first the case that 0 < A < 5. In this case, = Yl(^r,N) = ^[a^Oi ■ • ■ 1 XN](r,N)j since 

degt = (0, 6 ). Let 

P G ker$s n D[t](j.,iv) = kerijis fl k[xQ ,..., a; 7 v](r, 7 V) 


be given. If A < 3 then P — 0, since sq, si, S 2 i S 3 are algebraically independent over k {Remark \4.3^ . 

Suppose that A = 4. The only monomial in fc[a:o,..., a: 4 ](r, 4 ) in which X 4 appears is XQ~^Xi. 
Therefore, noting = 2 (a:oa :4 — 3 : 1 X 3 ) -|- x\, we have: 


k[xo, ...,X4](r.4) = fc • Xp ^X4 © fc[xo, ...,X3](^^4) = fc • Xp © A:[xo, ...,X3](r^4) 

So there exists X € k such that P — Xxq~‘^ 0 ^^ G k[xo, ...,X3]. Since 04°^ G kert/fg by Lem. I 7 . 2 l faj 
below, we get P — Xxe~'^of^ G ker^g n/c[xo, ■■■,X3] = {0}. Since 6*4°^ = ©4°^ G J, P G J in this case. 

Suppose that A = 5 . The only monomial in fc[xo,..., X5](r,5) in which X5 appears is Xq“^X 5. 
Therefore, noting 04^^ = 6x0X5 — 8x1x4 + X2X3, we have: 


^[xq I • ■ • I X 5 ] (r,5) ^ * ^0 X 5 © A:[Xo I ... I X 4 ] (r,5) ^ * ^0 ^4 ® ^ [^0 i * ■ * i X 4 ] (r,5) 


Since G ker^g by Lem. \7.^^ a) below, there exists \ G k such that 

P - \xq~'^9‘'P G ker(/)g n fc[xo, ...,X 4 ](r, 5 ) 

as above. Similarly, the only monomial in fc[xo,..., X 4 ](j.+i_ 5 ) in which X 4 appears is Xp“^XiX 4 . 
Therefore: 


/c[xo, ■■■,X4](r-|-l,5) = k-XQ ^XiX4 © A:[xo, ■■■,X3](r+l,5) = k ■ Xq © fc[xo, ■■■,X3](r+i,5) 

So there exists p G k such that: 

xqP — AxQ“^d4^^ — ^Xo“^xid® G ker^g n fc[xo, ■•■1X3] = { 0 } 

If r = 2, then pxi9^^ G XqD implies p = 0 and P = Axq“^ 04 ^^. If r > 3, then: 

P = Xxe~^9^^'^ + pxe~^xi9^°'^ 

In either case, P G J, since 6 * 4 ^^ = © 4 ^^ G J. Therefore, the inclusion (d holds when 0 < A < 5, 
which gives the basis for induction. 


22 






Suppose that Nq is an integer such that Nq > 5 and m holds for all integers 0 < N < Nq. Let 
P G ker n n[t](r,M) be given, where Nq < M < Nq + 6. We show that P is of the form: 

(14) P = Pj+tQ where Pj e J n n[t](^r,M) Q & fl[t](^r,M-e) 

Since ker$s C J + (t) by Step 2, we may write P = E + C for E € J and C G t • n[t]. Since 
J and t ■ U[t] are homogeneous ideals, each homogeneous summand of E belongs to J, and each 
homogeneous summand of C belongs to t ■ Q[t]. Since P is homogeneous, statement (fMl) holds. 

In addition, since Pj G J C ker^j, we have: 

tQ = P - Pj G ker ^ Q G ker n ^[t](r,M-e) 

By the inductive hypothesis, Q G J, which implies P G J. Therefore, statement ra holds for all 
TV > 0. This proves J = ker$s. □ 

7.2. The Kernel of The preceding section shows the existence of certain A-cables 0„ G ker 
but it is unclear how to construct these. In particular, we do not know the constants c„ G fc in line 

(HU when n = 6e or n = 6e + 2, although we do know c„ = 0 when n = 6e + 4. These constants 

depend on the choice of the cable s, and if s is known, then the cables 0„ can be constructed 
explicitly from s. We will show that s can be chosen so that c„ = 0 when n = 6e + 2. This gives a 
set of kernel elements large enough to define the sequence implicitly. 

Note that one could also find the sequence Sn explicitly: first, calculate the sequence Wn in the 
proof of Thm. \4-^ by methods of linear algebra, and then calculate using the Dixmier map iTy. 
But the implicit method is clearly more efficient once relations have been established. 

Let (T G 5a be the i9-cable defined in Thm. [53 

Lemma 7.2. Let n G 2N, n > 4, and s G Sa be given. 

(a) If n = A (mod 6), then 9n^ , On'^ G ker (fs for every s G Sa. 

(b) If n = 2 (mod 6), then 6n^ , On'^ G ker ■ 

Proof. For both (a) and (b), it suffices to show that 9n^ G kerc/ij, since 

0 = ^ e ker9U(,„+,_„^,, = i?n A(2„+4.n+i) = {0} 

by Lem. IJHY b) with £ = 5, 3. If n = 4(mod6), then inclusion (|TT|) shows that 9n^ G ker(/)s. This 
proves part (a). For part (b), write n = 6e + 2 for some e > 1. Inclusion (fTTIl shows that: 

0^(00)) = cF/i® (cGfc) 

By Thm. \5.1^ h)^ it follows that (fa(9n^) = 0. This proves part (b). □ 

For n G 2N, let Jn be the set of integers j > 3 such that n + j = 1 (mod 6). In particular, each 
j G Jn is odd. 

Let {9n} be a A-basis for £12. Given n G 2N and j G N (and j > 1 if n = 0), let f{9n^) G fc be 
the coefficient of xiXn+j-i in 9n'^. Note that £,{9n'^) = 0 if and only if 9n'^ G 0 : 2 , 2 : 3 ,... 
since 9n' G Define 

fi{9n) = min{j G J„ | ^ 0} 

where it is understood that ^(0„) =00 if f{9n'^) = 0 for all j G Jn- 
Lemma 7.3. If fi{9n) = 00 , then the following are eguivalent. 

(i) ^ G ker (fs- for some j > 0 

(ii) G ker cfa 

(hi) ^ G ker (j)^ for all j > 0 
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Proof. It is clear that (i) <;= (ii) (iii). We also have (i) => (ii), since 

= 0 

We show (ii) ^ (iii). Suppose that 0n^ G ker^^, noting that n > 4, since and 

cannot be zero by Lem. \ 6 .‘M ]. We prove by induction on j that On'' G ker^a- for all j > 0. 

Assume that On'' G ker^^ for some j > 0. Then, dp&iOn'^^'^) = = paiOn'^) = 0. 

Hence, we get 

^) G ker l9|^j2(„+j + i)+ 2 ,n+j+l) “ bl A(2(n+j + l)+2,ri+j + l) 

Now, suppose that 0n~^^^ p keri^o-- Then, by Lem. \4-.l^ h) and the remark after Thm. [13 we have 
n + j + 1 = 0 (mod 6 ) and ^a(0n''’^^) = \a?h^ for some A G fc* and e > 0. Note that 

d : A(2(„+j+2)+2,ra+i+2) A(2(n+j+l)+2,n+j+l) 

is an injection by Lem. \4.1^ h), since n +j + 2 = 1 (mod 6 ). Because dpaiOn'^'^'^) = pai^On'^'^'^) = 
4>a{0n~^^'^) and daQ<^ih^ = it follows that paiOn'^'^'^) = Xa^aih'^. By assumption, the monomial 
xiXn+j+i does not appear in 0n~^^'^ . Hence, 0n~^^'^ is a fc-linear combination of XiXn+j+ 2 -i for 
0 < i < {n + j + 2)/2 with i p 1. This contradicts Thm. \5. T\ ^a). Therefore, we must have 
On'^^'^ G ker^CT- It follows by induction that On'^ G 'kevpa for all j > 0. This completes the 
proof. □ 


Combining Lem. and Lem. mi gives the following result. 

Lemma 7.4. Suppose that {On} is a A-basis such that /i(0„) = oo for each n = 6 e ± 2, e > 1. 
Define the Q-ideal J by J = (§„ | n = 6 e ± 2, e > 1). Then J C ker^a-. 


We next describe a procedure to modify a given A-basis {On} to obtain a A-basis {fin} for which 
h'ifin) = OO for each n. 

Given n G 2N, if p.{0n) = oo, set fin = On. If p-i^n) < oo, then define constants 


j = p{0n) , m = j -1 and c = 


n + j -2 


noting that j > 3 is odd and C(^i+y_i) = ~(n + j — 2) 7 ^ 0. It follows that: 


pifin] pifin m C^n-t-m) 


If piPn “t“m oOna-TrC) — OO, SCt fin — On Tm ^Ona-m- If pifin Pm ^Ona-va) P OO, the prOCeSS Can 
be repeated. Continuing in this way, we construct a strictly increasing sequence m = {mi}i^i of 
positive integers, together with sequences c = {ci}ig/ for G k* and s = {0na-mi}iGi such that, if 
fin = lim(s, m, c), then p{fin) = 00 . 

Note that, with this algorithm, {fin} is uniquely determined by {On}- The resulting A-basis {fin} 
is the reduction of {On}. 

To illustrate, let {fin} be the reduction of the balanced A-basis {$n}- Assume that n = 4 
(mod 6 ). Then = —(" 3 ^), and if 

c= (" 3 ^) ^ n{n+2) 

n + 3 — 2 6 


then the first eight terms of fin equal those of /3„ P 2 cfina- 2 - In particular, we have: 


(15) 


fi^^^ = 


/3i+2 = I - 1) - n(n + 2)) XiXna- 2 -i 
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and 


(16) ((* “ l)(i-2)-n{n + 2))ixiXn+z-i 

^ i^l 

Note that, by Lem. tpn'^ and 'ijjn'^ above both belong to kerc/io-. 

Remark 7.5. The results of this section show that a A-basis of the type described in Lem. 
exists, and therefore J' C kerc^a- for the associated Q-ideal But we do not know if = ker(j>a- 

7.3. The Cable a. Let {ipn} be the reduction of the balanced A-basis {jin}- The A-cables tjjn for 
u = 6e ± 2 (e > 1) give us a way to implicitly calculate the 9-cable tf. Recall that ao, ...,175 are 
uniquely determined and are given in Remark\4-.S\ 




l(Ji (Jfi—i 


Theorem 7.6. For n>2, we have: 

^ n—1 

7=1 
.. n —1 

^n=- 

na 

1—1 

^ n—l 

= - 7 — --TT- (3*(* - 1 ) - - 2)) a^an-i 

nln -I- l)a 

2=1 

^ n— 1 

- 2) - (n - l)(n - 3)) icr*cr„ 

lyiv 1 - jCL 


— 


2=1 


if n 

= 2,4 

(mod 6) 

if n 

= 3,5 

(mod 6) 

*/ 

n = 0 

(mod 6) 

*/ 

n = 1 

(mod 6) 


Proof. The first two equalities are equivalent to <fa-(0n^) = 0 and ifa((^n-i) = Oj respectively, which 
follow from Lem. |y.^[ The last two equalities follow from Lem. |7.^| together with (TTKIl and (fTH)) . □ 


To illustrate, the following relations can be used to construct ag, ...,aig. 


iPw = 

V-fo’ = - 20 ^( 2 ’ 

4°^ = 4°^ 

4i4 = 44 

44 = 44 
44 = 44 

44 = 44 - 




(3) 

16 


44 - 48/1(2’ 


2 

= 7xo 2;6 — 2a:i2;5 — 2 : 2 X 4 + X 3 

= 7X0X7 — 2X2X5 + X3X4 

= 2 xoX 8 — 2X1X7 + 2X2X6 — 2X3X5 + x | 

= 9X02^9 — 7X1X8 -I- 5X2X7 — 8x3X6 + X4X5 

= 2xoXlo — 2X1X9 -1- 2X2X8 — 2X3X7 -I- 2X4X6 — X5 
= llxoxii — 9xiXio + 7x2x9 — 5x3X8 -I- 8x4X7 — X5X6 
= 26x0X12 — 15xixii -I- 6x2X10 + X3X9 — 6x4X8 -I- 9x5x7 — 5x6 

= 26xoXi3 — 15X2X11 -I- 21X3X10 — 20X4X9 -I- 14X5X8 — 5X6X7 
= 2xoXi4 — 2xiXi3 -|- 2X2X12 — 2X3X11 -|- 2X4X10 — 2X5X9 -I- 2X6X8 — X7 
= 15xoXi5 — 18xiXi4 -I- 11X2X13 — 9X3X12 -I- 7X4X11 — 5X5X10 -I- 8X6X9 — X7X8 
= 2xoXi6 — 2xiXi5 -I- 2X2X14 — 2x3X13 -I- 2x4X12 — 2x5X11 -I- 2X6X10 — 2x7X9 -I- Xg 
= 17xoXi7 — 15xiXi6 -I- 18x2X15 — 11X3X14 -I- 9X4X13 — 7X5X12 -I- 5X6X11 — 8x7X10 
-I-X8X9 

= 57 xoXi 8 — 40 xiXi 7 -I- 25 X 2 Xl 6 — 12X3X15 -|- X4X14 + 8x5X13 — 25 X 6 X 12 -|- 20X7X11 
—28x8X10 -I- 12x9 

= 57 xoXi9 — 40X2X17 -I- 65X3X16 — 77X4X15 -|- 78x5X14 — 70X6X13 -I- 55X7X12 
—35x8X11 -I- 12x9x10 
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Remark 7.7. The reader can compare these relations to relations for the sequence Wn given in [S]. 
In particular, wo,...,wi 3 are given on p.l62 and p.l65. The construction used there is as follows: 
Given n = 6e — 4 (e > 2), suppose wq, ...,wee -5 are known. Then wee- 4 , ■■■,W6e+i are defined by 
solving certain systems of linear equations, but in the language of cables this amounts to finding 
ipn \ . Our current approach uses the simpler relations: 

^( 0 ) ^( 1 ) ^( 1 ) ^( 3 ) 

Vn T Vn J Vn+2 J Vn+2 > Vn+2 i Vn+2 

Note that, if ipn'^ = Sr=ocoefficient is a polynomial of degree j in i. 
Thus, using smaller j-values has a big advantage computationally. However, the reader should note 
that both methods produce the same sequence tT„, by the uniqueness established in Thm. \E2\ 


8. Roberts’ Derivations in Dimension Seven 

In [12], Roberts constructed a family of counterexamples to Hilbert’s Fourteenth Problem in the 
form of subrings Am C for integers m > 2. Although Roberts does not use the language of 
derivations, the maps he defines are triangular derivations. In this section, we give a description of 
the ring A 2 as a cable algebra. 

Let B — k[X^Y, Z,S,T^U,V] = For m > 2, the subring Am is the kernel of the derivation 
Vm of B defined by: 

S , T ^ , U ^"*+1 , V (XVZ)"‘ , X,Y,Z^0 

Define Jim S Am by Hm = Define an action of the cyclic group Z 3 = (a) on B 

by: 

a(X, r, Z, 5, T, U, H) = (Z, X, r, U, A, T, H) 

Then a, Dm and the partial derivative djdV commute pairwise with each other. Therefore, a and 
djdV restrict to Am- We denote the restriction of djdV to Am by 5m- 

Let m > 2 be given. In Lemma 3 of m, Roberts showed the existence of a sequence in 
Am of the form XV^ + (terms of lower degree in H), i > 0. By combining this with homogene¬ 
ity conditions, he concluded that Am is not finitely generated over k. Note that, by applying 
a, we also obtain sequences in Am of the form YV^ + (terms of lower degree in V) and ZH® -|- 
(terms of lower degree in V) for z > 0. The second author showed the following. 

Theorem 8.1 (Thm. 3.3 of [5]). Given m > 2, let I(m,x,i)A{m,Y,i)A{m,z,i) G Am (* > 0) be 
sequences of the form: 

I{Tn,x,i) = XV^ -f {terms of lower degree in V) 

I(m,Y,i) = YV^ -I- {terms of lower degree in V) 

= AV'' -I- {terms of lower degree in V) 


Then: 

Am = k[{Hm, aHm, o?Hm} U {I{m,W,i) | Z > 0, IT € {X, X, Z}}] 

We use this to show: 

Theorem 8.2. There exists an infinite 52-cahle P in A 2 rooted at X, and for any such P we have: 

A 2 = k[H2, aH2, H 2 , P, aP, P] 

In order to construct P we first study the restriction of 2 I 2 to a subring B' of B, where B' = 
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8.1. The Derivation E in Dimension Six. Let TZ = k[x,y^s,t,u,v\ = fc!®! and define the trian¬ 
gular derivation i? of 72. by: 

(17) V —>■ , u —>■ y^t , t —>• y^s , s—x—>-0, j/—>-0 

Then if commutes with -M- and we let r denote the restriction of to kerif. 

ov ov 

Theorem 8.3. There exists an infinite r-cable k rooted at x. 

Proof. According to equation (6) and Lemma 2 of [4], there exists a sequence Wn € k[x,y, z, s,t,u], 
n > 0, with the following properties: Let : 72 —>■ (kerif)^;^ be the Dixmier map for E associated 
to the local slice v. 

(i) wo = l 

(ii) E^^wsm = ix^y^)'^"w 3 ( 7 n-i) (m > 1, 0 < 7 < m) 

(iii) {-l)^"^TTvixw 3 jn) G 72 (m > 0) 


Given m > 0, define Ksm G 72 by K^m = {—^)^"^T^v{xw 3 m)■ By using ([T]) in Sect. 2.1, we see that for 
m > 1: 


Define: 


g3 


K3m = ^(-1)^"* ^'Xv{xEw3m)^-^ 

^ / 1 \3m—2 l r^2 . 1 d V 

= ^(-1) TTvixE^Ws^)^-^- - — 

OV x^y^ ov x^y^ 


= (-1) •^TTy{xE'^W3m)- 


1 d V 


x'^y^ dv 

{-lf'^-^TT4x{x^y^fw3im-i))^ 

X y 

^3(m —1) 


d 


K3m-1 = 7r^3m and K3m-2 = (w > 1) 

OV OV 


Then k := (k„) is a r-cable rooted x. 


□ 


8.2. Proof of Theorem 18.21 Given /i,..., /„ G B, recall that the Wronskian of /i,..., /„ relative 
to 'D 2 is: 

(/i> fn) = det {Vlfi) where 0<7<n-l, l<j<n 
See [5], §2.6. Define Ei,E 2 ,Fy, G B by: 

F^ = S , E2 = \Wt,^{S,TU) , F 3 = lX-^WvAS,TU,STU) 

Then 772 restricts to the subring B' = k[X, YZ, Fi, F 2 , F^jV] = , where: 

V 2 F 3 = {YZfF 2 , V 2 F 2 = {YZfFi , V 2 F 1 = X^ , V 2 V = X^{YZf 

Therefore, setting x = X, y = YZ, s = Fi, t = F 2 , u = F 3 , and v = V, we see that the restriction of 
772 to B' equals F, as defined in line (13 above. By Thm. FSTl there exists a i52-cable P rooted at X 
such that P C B'. In particular, P = (Pi) has the form Pi = ^XV^ + (terms of lower degree in V). 

Gonsequently, aP is a (52-cable P rooted at Y, and a^P is a d2-cable P rooted at Z. The proof 
is thus completed by applying Kuroda’s result ( Thm. \8.1\ above). □ 

Remark 8.4. It seems likely that the structure of A 2 given in Thm. \8.‘A can be extended from 
TO = 2 to all TO > 2. To do so by the method above requires a generalization of Thm. \8.1A 
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9. Further Comments and Questions 

9.1. Tanimoto’s Generators. In [T3], Tanimoto gives a set of generators for the ring A by speci¬ 
fying a SAGBI basis consisting of h together with homogeneous sequences Xn, ^J,n, whose leading 
u-terms are av^,Fv^ and Gu”, respectively. From Cor. EJTaj we see that A is generated as a 
fc-algebra by h and the sequence A„, meaning and are redundant. Tanimoto also computed 
the Hilbert series for A, which is rational even though A is not finitely generated. 

9.2. Fundamental Problem for Cable Algebras. If B is an affine fc-domain and D G LND(il) 
is non-zero, then H is a cable algebra and (B, D) is a cable pair. We ask the following question, 
which we term the Fundamental Problem for Cable Algebras. 

Let B be an affine fc-domain and D G LND(B). If 1^0 (0), does B have an infinite 

B-cable? Equivalently, if every B-cable of B is terminal, does /oo = (0)? 

Note that, if every B-cable of B is terminal, then since B is affine, there exist an integer n > 1 and 
terminal B-cables ti, ...,!„ such that B = k[ti, 

9.3. Q-Ideals. We would like know which Q-ideals are prime ideals of fl. For each even n > 2, 
consider the following statements regarding the fundamental Q-ideals. 

(a) Qn is a prime ideal of H 

(b) tr.degf.Vl/Qn = f + I 

(c) Vl/Qn is a simple cable algebra over k 

It is shown above that these are true statements for n = 2 and n = 4. Are these statements true for 
n > 6? 

9.4. The Dimension Four Case. In his famous paper Nagata presented the first counterex¬ 
amples to Hilbert’s Fourteenth Problem. In one of these, the transcendence degree of the ring of 
invariants over the ground field is four, and Nagata asked whether this could be reduced to three. 
In [7], the second author gave an affirmative answer to Nagata’s question in the form of the kernel 
of a derivation of but this derivation is not locally nilpotent (see also 0)- 

It remains an open question whether an algebraic Ga-action on the polynomial ring always 
has a finitely generated ring of invariants. In [3] it is shown that this is the case for triangular 
actions, and this result was later generalized in [1] to the case of actions having rank less than 4. 
The next natural case to consider is the case T is a locally nilpotent derivation of of rank 4, and 
T restricts to a coordinate subring B = If fcM = B[v], then the partial derivative d/dv restricts 
to kerT. It is hoped that a good understanding of cable structures of invariant rings might lead to 
a complete solution of the dimension four case. 
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